Effective non- vanishing of global sections of 
multiple adjoint bundles for polarized 3-folds 
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[ Abstract 

Let X be a smooth complex projective variety of dimension 3 and let L be an ample line 
bundle on X. In this paper, we provide a lower bound of h°{m{Kx + L)) with k{Kx +L) > 0. 
In particular, we get the following: (1) if < k{Kx + L) < 2, then h''{Kx + L) > holds. (2) 
I If k{Kx + L) — 3, then hP{2{Kx + L)) > 3 holds. Moreover we get a classification of {X,L) 

^ '. with k{Kx + L) = 3 and h°{2{Kx + L)) = 3 and 4. 
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1 Introduction 



Let X be a smooth projective variety of dimension n and let L be an ample (resp. nef and big) 
line bundle on X. Then the pair {X,L) is called a polarized (resp. quasi-polarized) manifold. 
For this {X,L), adjoint bundles Kx +tL play important roles for investigating this {X,L) (for 
J> ' example, see [H Chapter 7, 9, and 11]), where Kx is the canonical line bundle of X. In particular, 

lO , it is important to know the value of h^{Kx + tL)- 

' In PI Conjecture 7.2.7], Beltranietti and Sommese proposed the following conjecture. 

(N 

d 



Conjecture 1 Let {X, L) he a polarized manifold of dimension n. Assume that Kx + {n — 1)L is 
nef Then h^{Kx + (n - 1)L) > 0. 



In [T71 Theorem 2.4], the author proved that Conjecture[T]is true for the case where dimX = 3. 
(See also [7]-) Moreover we gave a classification of {X, L) with h^{Kx + 2L) ~ 1 (see [T71 Theorem 
2.4]). 

I In general, there is the following conjecture ([U Section 4], ^23* Conjecture 2.1]). 

H ; 

5^ , Conjecture 2 (Ambro, Kawamata) Let X be a complex normal variety, B an effective R- 

divisor on X such that the pair {X, B) is KLT, and D a Cartier divisor on X . Assume that D is 
nef and that D — {Kx + B) is nef and big. Then h^{D) > 0. 

Here we note that in [25l Open problems, P.321] lonescu proposed the same conjecture for the 
case where X is smooth and B = Q. 

For Conjecture [21 the following results have been obtained. 

dSla) If dimX ^ 2, then Conjecture [2] is true (see (23l Theorem 3.1]). 

([2]b) Let X be a 3-dimensional projective variety with at most canonical singularities such that 
Kx is nef, and let D be a Cartier divisor such that D — Kx is nef and big. Then h^{D) > 
(see [23l Proposition 4.1]). 
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^c) Let (X, i) be a polarized manifold of dimension 3. Assume that L" > 27. Then h'^ {K x + L) > 
Oif Kx +Lis nef (see Theoreme 1.8]). 



(Od) Let X be a 4-dimensional projective variety with at most Gorenstein canonical singularities. 
Assume that D ^ -Kx is ample. Then h^{D) > (see [23, Theorem 5.2]). 

((He) Let X be a smooth projective variety of dimension 3 with h^{Ox) > 0, and L a nef and big 
Cartier divisor on X such that Kx + L is nef. Then h°{Kx + L) > (see Theorem 4.2]). 

([21f) Let X be a smooth projective variety of dimension 3 with k{X) > 0, and L an ample Cartier 
divisor on X. Then h°{Kx + L) > (see [H Theorem 3.2]). 

If Kx + L is nef, then by [29] there exists a positive integer m such that h^{m{Kx + L)) > 0. 
More generally if k(Kx + L) > 0, then h^{m{Kx + L)) > for some positive integer to. So it is 
interesting to study the following problem, which was proposed in ^18j Problem 3.2]: 

Problem 1 For any fixed positive integer n, determine the smallest positive integer p, which de- 
pends only on n, such that the following (*) is satisfied: 

(*) h'^{p{Kx + L)) > for any polarized manifold {X, L) of dimension n with k(Kx + L) > 0. 

Here we note that by [TH Theorem 2.8], we see that p — 1 ii X is a. curve or surface. 
In order to study this problem, in [20] Problem 5.2], we introduced the following: 

Definition 1 For any fixed positive integer n, we set 



In this paper, as the first step, we mainly consider the case where dimX — 3. 

In [201 Corollary 5.2], we said that to(3) < 2 holds. Concretely, in [201 Theorem 5.4 (2)], we 
proved that if k{Kx + L) = 3, then h°{2{Kx + L)) > 3. Moreover in [20l Theorem 5.4 (1)], we 
announced that in this paper we will prove that h'^{Kx + £) > if < k{Kx + L) < 2. 

So in this paper, we will prove that h^{Kx+L) > if n = 3 and < k{Kx +L) < 2. Moreover, 
we also study a lower bound of h^{m{Kx + L)) if n{Kx + L) > 0. 

The contents of this paper are the following: In sections [H and [31 we will state some definitions 
and results which will be used later. In particular, in section [31 we review the sectional geometric 
genus. In section [4l we will treat special cases. If k{Kx + L) = 1 (resp. 2), then there exists a 
polarized manifold {M,A) such that h^{m{Kx + L)) = h^{m{KM + A)) for any positive integer 
TO and there exist a fiber space M — ^ Y such that y is a normal projective variety of dimension 1 
(resp. 2), and an ample line bundle H ox\Y such that Km + A = f*{H). (This {M,A) is called 
a reduction of {X,L). See Definition 12.11 ) Hence it is important to consider the following case: 
Let {X, L) be a polarized manifold of dimension n > 3 and let y be a normal projective variety of 
dimension 1 or 2. Assume that there exists a fiber space f : X ^ Y such that Kx + L = f*{H) 
for some ample line bundle H owY . In section [H we consider {X, L) like this and we will give a 
lower bound for hP{m{Kx + L)). In particular, we see that h^{Kx + i) > in this case. 

In section[Sl we will study the case where dim X = 3. In particular, we will give a lower bound 
of h^{m{Kx + L)) for the following cases: 

(a) < k{Kx +L) <2 and m > 1. 

(b) k{Kx + L) = 3 and m > 2. 



M 



n 



n 



{ {X,L) : polarized manifold | dimX — n and n{Kx + L)>Q} , 
{ r e N I h°{r{Kx + L)) > for any {X, L) £ Vn} , 
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In particular we get h°{Kx + L) > if < k{Kx + L) < 2 and h"{2{Kx + L)) > 3 if 
k{Kx +L) = 3 (see also [^IT, Theorem 5.4 (2)]). 

Moreover we will also classifiy {X,L) with k{Kx + L) — i and h^{2{Kx + L)) = 3 or 4 (see 
Theorems [Ol and EH) • 

In this paper, we shall study mainly a smooth projective variety X over the field of complex 
numbers C. We will employ the customary notation in algebraic geometry. 

2 Preliminaries 

Here we list up several results which will be used later. 

Definition 2.1 (i) Let X (resp. Y) be an n-dimensional projective manifold, and L (resp. A) an 
ample line bundle on X (resp. Y). Then (X, L) is called a simple blowing up of {Y, A) if there exists 
a birational morphism tt : X Y such that tt is a blowing up at a point of Y and L = i:* [A) — E, 
where E is the 7r-exceptional effective reduced divisor. 

(ii) Let X (resp. M) be an n-dimensional projective manifold, and L (resp. A) an ample line 
bundle on X (resp. M). Then we say that {M,A) is a reduction of {X,L) if there exists a 
birational morphism fi : X —> M such that is a composition of simple blowing ups and (M, A) 
is not obtained by a simple blowing up of any polarized manifold. The map fi : X ^ M is called 
the reduction map. 

Remark 2.1 Let {X,L) be a polarized manifold and let {M,A) be a reduction of {X,L). Let 
fi : X ^ M he the reduction map. 

(i) If {X, L) is not obtained by a simple blowing up of another polarized manifold, then (X, L) 
is a reduction of itself. 

(ii) A reduction of {X,L) always exists (see [TT] Chapter II, (11.11)]). 

Definition 2.2 A quasi-polarized surface {S,L) is said to be L-minimal if LE > for every 
(— l)-curve E on S. 

Lemma 2.1 Let X be a complete normal variety of dimension n, and let Di and D2 be effective 
Cartier divisors on X. Then h°{Di + D2) > h"{Di) + h°{D2) - 1. 

Proof See HH Lemma 1.10] or 24, 15.6.2 Lemma]. □ 

Proposition 2.1 Let X be a projective variety of dimension n and let Di be Q-Cartier divisors 
on X for < i < k. Assume that n > 2 and that Di is nef for every integer i with 1 < i < k. If 
ni + ■ ■ ■ + Hk — n — 1 and ni > 1, then we have 

(Do^T • --Dl^f > {DlD'l'-^ ■ ■ ■ Dl''){D'l'+^ ■ ■■Dl"). 

Proof. See ^ Proposition 2.5.1]. □ 

Proposition 2.2 Let X be a normal projective surface and let n : S X be a resolution of 
singularities of X . Then x{Os) + h'^{R^'!T^,{Os)) — xi^x)- particular xi^s) ^ x(^a:) holds. 

Proof. By using Leray's spectral sequence for t:*{Ox), we have 

x{7T*Ox) = ^(-l)^x(i?'^*(^*Ox)). 

q>0 
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Since R'^ti^,{tt*Ox) — R'^t:*{Os) and R''tt^.{Os) = for every integer q with g > 2, we have 

Here we also note that Tr^,{Os) = Ox because tt is birational and X is normal (see [22l Corollary 
11.4 in Chapter III]). Moreover x(i?V*(Cs)) = h°{R^TT^{Os)) because dim Supp(i?i7r*(Os)) < 0. 
Therefore since Os — Tr*{Ox), we get the assertion. □ 

Lemma 2.2 Let X be a smooth projective variety of dimension n and let Y be a normal projective 
variety of dimension m with n > m > 1. Assume thai q{X) = q{Y) and there exists a fiber space 
f : X —> Y , that is, f is a surjective morphism with connected fibers. Then for any resolution of 
singularities ofY , ix : Z ^ Y, we have q{Z) = q{Y). In particular, if q{Y) > 1, then the Albanese 
map of Y can be defined. 

Proof. By assumption, there exist smooth projective varieties Xi and Yi, birational morphisms 
fj,i : Xi ^ X and vi : Yi ^ Y, and a fiber space /i : — > Yi such that / o = o /i. Here 
we note that q{X) = q{Xi) and q{Xi) > ^'(^1). Moreover we have q{Yi) > q{Y) holds. Hence we 
get q{Yi) > q{Y) = q{X) = q{Xi) > q{Yi) and we have q{Yi) = q{Y). On the other hand let Z be 
any resolution of singularities of Y. Then q{Z) = q(Yi) because Z is birationally equivalent to Yi. 
In particular, by [30l (0.3.3) Lemma] or [H Lemma 2.4.1 and Remark 2.4.2], the Albanese map of 
Y can be defined. Hence we get the assertion of Lemma [221 D 

3 Review on the sectional geometric genus 

In this section, we review the definition and some properties of the sectional geometric genus of 
polarized manifolds, which will be used later. 

Notation 3.1 Let X be a projective variety of dimension n and let L be a line bundle on X. Let 
x{tL) be the Euler-Poincare characteristic of tL, where t is an indeterminate. Then we put 

n 

x{tL)^Y.^,{X,L) 
j=o 

Definition 3.1 Let X be a projective variety of dimension n and let L be a line bundle on X. 
Then for every integer i with < i < n, the i-th sectional H -arithmetic genus Xi^{X,L) and the 
i-th sectional geometric genus gi{X, L) of {X, L) are defined by the following: 

xf(X,L) := Xn-^{X,L), 

n—i 

g,{X,L) := (-iy{xf{X,L)-x{Ox))+Y.{-lT—'h-^{Ox). 

j=o 

Remark 3.1 (1) Since Xn-i{X,L) e Z, we see that xf{X,L) and gi{X,L) are integers by 
definition. 

(2) If i = 0, then Xo {X, L) and 50 L) are equal to the degree of {X, L). 

(3) If i = 1, then gi{X, L) is equal to the sectional genus g{X, L) of {X, L). 

(4) lft = n, then Xn (X, L) = x{Ox) and g„(X, L) = h-^{Ox)- 
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Theorem 3.1 Let {X,L) he a quasi-polarized manifold with dtimX = n. For every integer i with 
< i < n — 1, we have 

n — z— 1 / .\ n—i 

9,{X,L)^ ^ {-lyr^'\h°{Kx + {n-^-J)L)+Y,{-lr-'-''h^-''{Ox). 

j=0 \ J / J,^Q 

Proof. See [HI Theorem 2.3]. □ 

The following theorem will be often used later. 

Theorem 3.2 Let {X,L) be a polarized 3-fold. Assume that k{Kx + L) > 0. Then g2{X,L) > 
h\Ox). 

Proof See fW. Theorem 3.3.1 (2)]. □ 

Notation 3.2 Let X be a projective variety of dimension n, let i be an integer with < i < n — 1, 
and let ii, . . . , L„_i be line bundles on X. Then x(^i^ ® ' ' '^L^n-i) ^ polynomial in ti, . . . , tn-i 
of total degree at most n. So we can write x(^i^ ® • ■ ■ ® L^n-l) uniquely as follows. 



xpi,...,p„-i{LiT . ■ ^Ln-i) 



p—Q Pi>0,..-,p„_j>0 
PlH Vpn-i=p 



ti+pi-l\ / tn-i + Pn-i - 1 

Pi / " V Pn-t 



Definition 3.2 ( [19l Definition 2.1 and Remark 2.2 (2)]) Let X be a projective variety of dimension 

n, let i be an integer with < « < n, and let Li, . . . , Ln~i be line bundles on X. 

(1) The i-th sectional H -arithmetic genus xf {X, Li, . . . , Ln-i) is defined by the following: 



xf Li, . . . , Ln-i) — 



XI, . . . , l(iii • ■ • ifO<i<n-l, 
x{Ox) iii = n. 



(2) The i-th sectional geometric genus gi{X, Li, .... Ln-i) is defined by the following: 
5,(X,Li,...,L„_,) = i-l)\xf{X,Li,...,Ln-^)-xiOx)) 

n—i 

+^(-ir-'-^/i"-^(Ox). 

3=0 

Remark 3.2 (1) Let X be a projective variety of dimension n and let L be a line bundle on X. 
Let i be an integer with < i < n — 1 . Then 

xfiX,L,...,L)^x"iX,L) 

and 

g,{X,L,...,L)=g,{X,L). 

(See [H Corollary 2.1].) 

(2) Let X be a smooth projective variety of dimension n, and let Li, . . . , Ln-i be line bundles on 
X. Then 



gi{X, Li, . . . , Ln-i) — 1 , 2 



(See [H Corollary 2.7] or [H Proposition 6.1.1].) 
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Theorem 3.3 Let i he an integer with 1 < i < n. Let A, B, Li, ■ ■ ■ , L„„i„i be line bundles on X . 
Then 

xf (X,A + S,Li,---,L„_,_i) 
-xf-i{X, A,B,Li, - ■ ■ , Ln-i-i) 
gi{X, A + B, Li, • • • , Ln-i-i) 

= 9i{Xi Lli • • • , Ln-i-l) + gi{X, B, Li, • • • , Ln_i_i) 

+g^-l{X, A, Li, • • • , L„_,_i) - h'-\Ox)- 
Proof. See p, Corollary 2.4]. □ 

Proposition 3.1 Let X be a smooth projective variety with divaX = n > 2, let Li, ■ ■ ■ , L,„ be nef 
and big line bundles on X and let L be a nef line bundle, where m > 1 . Then 

h\Kx + Li + • • • + L„ + L) - /i"(Ax +Li + --- + Lm) 

ji-i 

Here A^ := {(fci, • ■ • , /ct) | fc; G {1, • • • /c; < /cj if i < j}, anc? u;e sei 



E 9a{X,Lk^,- ■ ■ ,Lk^_^_^,L) ^ \ 

.\tz Am L 



if n — s — 1 > m, 

gn-i{X,L) ifs^n-l. 



Proof See ^ Theorem 5.1]. □ 

4 Special cases 

In this section, we will investigate the dimension of adjoint linear system for special cases. First 
we prove the following. 

Theorem 4.1 Let {X,L) be a polarized manifold of dimension n > 2 and let C be a smooth 
projective curve. Assume that there exists a fiber space f : X C such that Kx + L = f*{H) for 
some ample line bundle H on C . Then for every positive integer m 

h^iHKx + L))>\ i^-~l)i9iC)-l)+mgiC) ./,(C)>1, 
[ m+1 ifg(C)=0. 

In particular h^(Kx + L) > holds. 
Proof. In this case 

h'^imiKx+L)) = h\f*{mH)) 

= /l"(TOiJ) 

= h^{mH) + deg(miJ) + (1 - g{C)). 
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On the other hand, by iT^, Lemma 1.13], we have degH > 2g{C) — 1. Hence if g{C) > 1, then 

h°{mH) > m{2g{C) - 1) + 1 - g{C) 
= (2m- 1)5(C) - (m- 1) 
= {m-l){g{C)-l) + mg{C). 

If g{C) = 0, then h^{mH) = and h°{mH) = deg{mH) + 1 > m + 1. Therefore 



This completes the proof. □ 

Corollary 4.1 Let {X,L) be a polarized manifold of dimension n > 2 and let C be a smooth 
projective curve. Assume that there exists a fiber space f : X C such that Kx + L — f*{H) for 
some ample line bundle H on C . Then for every positive integer m 



Theorem 4.2 Let (X, L) be a polarized manifold of dimension n > 2 and let C be a smooth 
projective curve. Assume that there exists a fiber space f : X C such that Kx + L = f*{H) for 
some ample line bundle H on C . 

(1) If g{C) > 1 and h^{ra{Kx + L)) — m for some positive integer ra, then g{C) — 1 and 



(2) If g{C) = and h^{m{Kx + L)) = m + 1 for some positive integer m, then {C,H) = 



Proof. (2.1) Assume that g{C) > 1 and h^{m{Kx + L)) ~ m. Then by the proof of Theorem 14. II 
we have g{C) — 1 and degH = 1. 

(2.2) Assume that g{C) = and h^{m{Kx + L)) = to + 1. Then the proof of Theorem 14.11 implies 
that degH = 1, that is, H = Opi(l). Therefore {C,H) ^ (P\ Opi (1)). So we get the assertion. □ 

Next we consider the following case. 

Theorem 4.3 Let (X, L) be a polarized manifold of dimension n > 3 and let Y be a normal 
projective surface. Assume that there exists a fiber space f : X Y such that Kx + L = f*{H) 
for some ample line bundle HonY. Then for every positive integer to 



In particular h'^[Kx + i) > holds. 

Proof. In this case h^{m,{Kx + L)) — h^{mH). Here we note the following. 
Claim 4.1 h^{mH) for i^ 1,2. 

Proof. Since f*{mH) — Kx = (to — l)Kx + rnL = (m — \){Kx + L) + L is ample, we have 
f*if* (rnH)) = for every i > by [III Theorem 1.7]. Hence by [22l Exsercise 8.1 page 252 in 
Chapter HI] we have h\f*{mH)) = h'{f.J*{mH)) = h\mH). Therefore for every i > 





degiJ = 1. 



(Pi 



Opi(l)). 




h\mH) 



h\f*{mH)) 
h\m{Kx+L)) 

h\Kx + {m-l){Kx+L) + L) 
0. 
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This completes the proof of Claim 14.11 □ 

By Claim im we have hP{m{Kx + L)) = h'^{mH) = Here we use Notation 13. II Then 

Xq{Y,H) = x{Oy), XiiY,H) = 1 - g{Y,H) and X2{Y,H) = ff^ where g{Y,H) denotes the sec- 
tional genus of (Y^H). Let 5 : S ^ Y he a. minimal resolution of Y. Then there exist a smooth 
projective variety Xi, a birational morphism fii : Xi —>■ X and a fiber space /i : Xi — >• S such 
that f o fii — S o fi. 

(I) The case where xiOy) < 0. 
Then 

(1) ximH) - mx{H) 



Therefore x{mH) > mx{H) + (™) - (m - 1)x{Oy) = m/i°(iJ) + C^) - (m - 

Next we prove the following claim. 
Claim 4.2 > 0. 

Proof. Since x(C'y) < in this case, we see that /i^(C'y) > 0. Because h}{Ox) = h^iOy) in this 
case, by Lemma [2.21 we see that Y has the Albanese map. Let a : Y ^ Alb(F) be the Albanese 
map of Y and let h := a o f . Here we note that dim/i(X) = 1 or 2. 

(a) First we consider the case where dim.h{X) = 2. By [551 Corollary 10.7 in Chapter III] any 
general fiber Fh of h can be written as follows: Fh — Ul^^Fi, where Fi is a smooth projective variety 
of dimension n — 2. We note that Fi is a fiber of / for every i. Since {Kx +L)\Fi ~ = Opi, 
we have 

r r 

1=1 1=1 
By [H Lemma 4.1] we have h"{H) = h°{Kx + L) > 0. 

(b) Next we consider the case where dimh{X) = 1. Then we note that h has connected fibers. 
Let Fh (resp. i^a) be a general fiber of h (resp. a). Then : F/j — > Fq, is a fiber space such 
that Kp^ + Lp^ = f*{H)\p^ ~ {f\Fh.)*{H\p^)- Here we note that Fh and Fa are smooth projec- 
tive varieties. Since H is ample, so is Hp^ on Fa- Since dimF^ = 1, by Theorem 14.11 we have 
h°{Kp^+LpJ > 0. Therefore by Lemma 4.1] we get h°{H) = hP{Kx+L) > 0. This completes 
the proof. □ 

Claim li?5]imphes that by (P) 

- (m - 1)x{Oy) 

i)x(Oy) 

1)x{Oy). 



> 



Y.^AY,H) 



m + i — 1 
3 



-mJ2x,{Y,H) 



m + 1 
2 



-(TO-l)x(Oy) + 

m-(m~l)x(Oy) 
(m - 1)x{Oy). 



-m] H 



m + 1 
2 



> m + 



> 



m 
2 

m + 1 
2 



— (m — 

— (m — 
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(II) Next we consider the case where x(C'y) > 0. First we prove the fohowing lemma. 
Lemma 4.1 xi{Y, H) + X2{Y, H)>0. 

Proof. First we note that Kx, + mK^) > mK^x + L) = ^ilf*iH) = f^S*{H). Hence for a 
general fiber Fi of /i, we have < h'^{{Kxt + ^Ji*i{L))\F^) = h'^^Kp^ + {^i{{L)) p^) ■ Hence we have 
{fi)*{Kxi/s + 7^ 0- By Hironaka's theory there exist a smooth projective variety X2 and 

a birational morphism 112 '■ X2 Xi such that 

f^;f^{{fi).{Kx,/s + ^ A*2(Axi/s + f^liL) -D)-E2 

is surjective, where D is an effective divisor on Xi and is a /X2-exceptional effective divisor on 
X2. Since {fi)*{Kx^/s + is weakly positive ([T31 Theorem A' in Appendix]), we see that 

li2{Kxi/s + Mi(-^) ^ D) — E2 is pseudo effective (see the proof of (1) in [T31 Remark 1.3.2]). Here 
we note that for every positive integer p we have 

< {fi*2iKx,/s + t^UL) -D)- E2)^x*2n5*{H){pi*2^xl{pL)r-^ 

because H is ample. On the other hand 

{p^liKx./s + y^liL) ~D)~ i?2)Ai^/r<5*(ir)(/x;/xI(pL))"-2 
= (Kxjs + f^UL) - D)if*6*iH)){„UpL)r-' 

< (Kx./s + numfiS*{Hmf,upL)r-'. 

Since Kxi = fJ-iKx + Ei, where Ei is a /ii-exceptional effective divisor on Xi, we have 

{Kxjs+f^umfiS*iH)mipL)r-' 

= {li\{Kx +L)- f*{Ks) + E,){f*S*{H)mipL)r-' 

= (/r(<5*(i/) - Ks) + E,){^xlr{H)){^^l{pL)r-^ 
= f*i6*iH) Ks){AnHmi(pL)r-' 
= n{6*{H) ~ Ks){ns*{H)){fiUpL)r-\ 

Here we take p as Bs|/i*(pL)| = 0. Then there exist {n — 2)-general members Hi, . . . , Hn-2 in 
\fil{pL)\ such that Hi Ci . . . Ci i?„-2 is a smooth projective surface Si. Then /1I5 : 5i ^ S* is a 
surjective morphism and we have 

f*{S*{H) - Ks){ri5*{H)){i,\{pL)r-^ 
= ri{5*{H) - Ks)ri{5*{H))Si 
= {Aegfi\s,W{H)-Ks)5*{H). 

On the other hand, since X2{Y, H) = X2{S,d*{H)) andxi{Y,H) = xiiS,d*{H)), we have iS*{H)- 
Ks)S*{H) = 2ixiiS,6*iH)) + x2iS,6*{H))) = 2{xi{Y, H) + x2iY, H)). Hence we get the assertion. 
□ 



Therefore we get 
h°imH)^x{mH) = xo{Y,H)+xi{Y,H)m + X2{Y,H) 



x{OY) + rn{xi{Y,H) + X2{Y,H))+[ ( + ^ ) - m ) X2(r, i/) 



2 



> x{Oy) + 
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Therefore 



This completes the proof. □ 



h°{miKx+L))>{ ]+xiOY) 



Corollary 4.2 Let {X, L) be a polarized manifold of dimension n > 3 and let Y be a normal 
projective surface. Assume that there exists a fiber space f : X Y such that Kx + L ^ f*{H) 
for some ample line bundle HonY. Then for every positive integer m 



h^{m{Kx+L)) > 



m+l\ 



1 



ifx{OY)<Q, 
zfx{OY)>0. 



Theorem 4.4 Let (X, L) be a polarized manifold of dimension n > 3 and let Y be a normal 
projective surface. Assume that there exists a fiber space f : X ~f Y such that Kx + L — f*{H) 
for some ample line bundle HonY. 

(1) // x(C'y) < and h^{m{Kx + L)) = (™^^) for some positive integer m > 2, then Y is 
smooth and {Y, LI) is a scroll over a smooth elliptic curve C such that LL^ = 1. 



(2) LfxiOy) > and h"{m{Kx + L)) 
the following holds. {Here let 5 : S - 



(™) + 1 for some positive integer m > 2, then one of 
Y be the minimal resolution of Y .) 



(2.0) k{S) = 2, Y has at most canonical singularities with h^^Oy) = and x(Oy) = 0, and 
H — Ky + T with H^ = \, where T is a non zero torsion divisor. 

(2.1) k{S) = 1 and there exists an elliptic fibration f : S C over a smooth curve C such 
that g{C) = 1, x(C's) = 1, '?(>S') ~ 1 and 6*{H)F = 1, where F is a general fiber of f. 
Ln this case Y has only rational singularities. 

(2.2) k(S) — 1 and there exists an elliptic fibration f : S C over a smooth curve C such 
that g{C) — 0, xi^s) — 1; = and one of the following holds. {Here let t be the 
number of multiple fibers.) 



Pais) 


5*{H)F 


t 


(mi, . . . ,mt) 





6 


2 


(2,3) 


1 


4 


2 


(2,4) 





3 


2 


(3,3) 





2 


3 


(2,2,2) 



(2.3) S is a one point blowing up of an Enriques surface S' and S*{H) = i.i*{H') — E^^, where 
fi : S S' is the blowing up at a point P , H' is an ample line bundle on S' and i?^ is 
the exceptional divisor. 

(2.4) k{S) = — oo and q{S) = 0. Ln this case Y has only rational singularities. 

Proof. Let 6 : S ^ Y he the minimal resolution of Y. 
(I) The case where x{Oy) < 0. 



Then h°{m{Kx + L)) > {"'+^) - (m - l)x(Oy) by Theorem[01 



Assume that h^{m{Kx + L)) - '''"+^ 
x{Oy) = 0, i?2 = 1 and /lO(iJ) 



2 ). Then, since m > 2, by the proof of Theorem 
1. Hence by Claim [iH 



we have 



1 = h^{H) 



xiH) 

X{0y) + {1- 
2-g{Y,H). 



g{Y,H))+H^ 



Hence g{Y,H) = 1. Moreover since x{Oy) = 0, we have h^iOy) > 0. Then g{S,6*{H)) = 
g{Y, H) = 1. In particular k{S) = -oo. Since 5*[H) is nef and big, we have g{S, 5*{H)) > h\Os) 



10 



by [H Theorem 2.1]. Moreover because h^{Os) > h^iOy), we have 1 = g{S,S*{H)) > h'^{Os) > 
h^iOy) > 0. Hence g{S,S*{H)) = h^{Os) and h^iOs) = h^iOy) = 1. Here we note that S*{H) is 
(5* (if )-niinimal because H is ample and 6 is the minimal resolution. Hence by [12, Theorem 3.1], 
we see that {S, 6*{H)) is a scroll over a smooth curve. Then we can prove the following. 

Claim 4.3 5 is the identity map. 

Proof. Since h^{Os) — h^iOy), we see that Y has the Albanese mapping by Lemma [2.21 Then 
there exists an elliptic curve C and morphisms a : Y C and a' : S ^ C such that a' = a o S. 
Here we note that a and a' have connected fibers. Since a' is a P^-bundlc over C, we see that any 
fiber of a' is irreducible. Assume that S is not the identity map. Then Sing(y) ^ and a' has 
non-irreducible fiber. But this is a contradiction. Therefore 6 is the identity map. □ 

Hence S ^ Y, that is, Y is smooth, and {Y, H) is a scroll over a smooth elliptic curve C. In 
particular, there exists an ample vector bundle £ on C such that Y — Pc(i?) and H = H{£). Then 
ci{8) = 1 because = 1. Therefore we see that £ is an indecomposable ample vector bundle on C. 

(II) Assume that x{Oy) > 0. 

Then we have h'^imiKx+L)) > (") + l. We consider (X, L) with h° {m{K x + L)) = (")+l. Then, 
since m > 2, by the proof of Theorem l4.3l we obtain x{Oy) = XoO^, H) = 1, xiO^i H) + X2{Y, H) = 
and X2{Y, H) = l. Hence we have g{Y, H) ^ 1 - xiiY, H) = 2. 

Hence we see that a quasi-polarized surface {S,6*{H)) is (5* (i?)-minimal with g{S,S*(H)) = 2 
(Here we note that quasi-polarized surfaces of this type was studied in [5J.) Here we note that 
S*{H)^ = 1 and Ks5*{H) = 1. 

Next we study {S,5*{H)) with g{S,S*{H)) = 2. 
(Il.a) Assume that k{S) = 2. Since {S*H)^ ^ ^ I and S*{H)Ks = HKy = 1, we see 
that S is minimal because {S,6*{H)) is (5*(iJ)-minimal (see Definition 12. 2p . By the Hodge index 
theorem we have d*{H) = Ks and Kl = 1. Then h^{Os) = and h^(Oy) = 0. On the 
other hand Ks — 5*{Ky) -I- Eg holds, where Es is a ^-exceptional divisor. Here we note that 
Es is not always eff'ective. Hence 5*(H - Ky) = Es. If Es ^ 0, then (Es)'^ < by Grauert's 
criterion (e.g. [21 (2.1) Theorem in Chapter HI]). But since 6*{H — Ks)Es — 0, this is impossible. 
Therefore we have Es = and Ks = S*{Ky). Therefore Y has at most canonical singularities. 
Namely the singularities of Y are at most rational double points. Therefore Y is Gorenstein 
and Ky is a Cartier divisor. Since S*{H) = S*{Ky), we have H = Ky. l{ H — Ky, then 
h^{H) = h^{Ky) = h°{Oy) = 1. But this contadicts Claim [HI Therefore H = Ky+T, where T 
is a torsion divisor. 

(II. b) Next we consider the case where k{S) = 1. Here we use the results of Let h : S ^ C 
be its elliptic fibration. Then, since {6*H)^ — 1 and Ks5*H = 1, the following are possible from 

m- 

(1) h has no multiple fibers (see [26l Table 3.1]). 

(1.1) giC) = 0, xiOs) = 3, q{S) = 0, Pg{S) = 2 and S*{H)F = 1. 

(1.2) g{C) = 1, xiOs) = 1, q{S) = 1, Pg{S) = 1 and S*{H)F = 1. (This is the type (2.1) in 
Theorem 1121) 

(2) The case where [IHl Table 4.1]. (This is the type (2.2) in Theoremg^l) 

(3) h has only one multiple fiber and its multiplicity is 2. In this case g{C) = 1, xi^s) ~ 0, 
q{S) = 1, Pg{S) = and S*HF = 2 (see the first case of [26, Table 5.1]). 

(4) The case where 1261 Table 5.2]. 

Lemma 4.2 The cases (1-1), (3) and (4) above are impossible. 
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Proof. First we consider the case of (1.1). In this case x(C's) = 3 > 1 = x(C'y). But this is 
impossible by Proposition 12 . 21 because x(C'y) = x(Cx). 

Next we consider the case (3) above. Since q{S) = 1, S has the Albanese fibration a : S ^ B, 
where B is an eUiptic curve. In this case, since C is also an elliptic curve, by the universality of 
the Albanese map we see that there exists a morphism A : i? — > C such that h = X o a. Because 
a and h have connected fibers, we see that A is an isomorphism. Namely we may assume that 
a — h. Moreover by Lemma [2.21 the Albanese map of Y can be defined, and let ay : Y ^ B he 
its morphism. But here ft, is a quasi-bundle, so a is also a quasi-bundle. (For the definition of 
quasi-bundlc, see [281 Definition 1.1].) Hence i5 is an isomorphism because a = ay o S. Therefore 
Y = S. But then x(Oy) — x(C's) — and this is a contradiction. 

Finally we consider the case where (4). Then by [26l Proposition 5.1], S*H is ample. Namely 
S is an isomorphism. But then x(C'f) = xi^s) = and this is also impossible. 

This completes the proof of Lemma 14.21 □ 
(II. c) Next we consider the case where k{S) — 0. Let ^ : S ^ S' he the minimalization of S. 
If i5 is an isomorphism, then x(Cs) = xi^v) = 1 and S' is an Enriques surface. If S is not an 
isomorphism, then since g{S, S*{H)) = 2, by O Proposition 3.2] we see that 5" is either an Enriques 
surface or a K3-surface. If S' is birationally equivalent to a K3-surface, then x(^S") = 2. But 
by Proposition 12.21 this is impossible because x(Cf) = 1 in this case. Therefore S' is birationally 
equivalent to an Enriques surface. 

(II. d) Next we consider the case where k{S) — — oo. By Proposition 12.21 we see that x(C's) < 
x(Oy) = 1. Since g{S,S*{H)) = 2, we have q{S) < 2 by O Theorem 2.1]. By Lemmall^ we 
have q{Y) = q{S) and if q{Y) > 1, then there exist the Albanese map of Y, ay : Y Alb(y), and 
a morphism j3 : Alb(5') Alb(F) such that ay o 5 = fi o as holds, where : 5 — > Alb(S') is the 
Albanese map of S. Then as{S) and ay{Y) are smooth curves and ag and ay have connected 
fibers (see [H Lemma 2.4.5]). Hence as{S) = ay{Y). 

(i) If q{S) = 2, then g{S, S*{H)) = q{S) imphes that (S, S*{H)) is a scroU over a smooth curve by 
]12\ Theorem 3.1]. Here we note that i5 is an isomorphism because S' is a P^-bundle over as{S). 
But then xi^v) = xi^'s) = —1 and this is impossible. 

(ii) Next we consider the case where q{S) = 1. Assume that Ks + 6*{H) is not nef. Then there 
exists an extremal rational curve E on S such that {Ks + d*{H))E < 0. If £^ is a (— l)-curve, then 
{Ks + 5*{H))E > since {S,S*{H)) is (5* (i?)-minimal. Hence S" is a P^-bundle over a smooth 
elliptic curve C and E is a fiber of this because q{S) = 1. Let / : 5 ^ C be its morphism. 
Moreover we see that S*{H)F = 1 for any fiber F oi f because (Ks + S*{H))F < 0. Then 
g{S,S*{H)) = q{S) = 1. But this contradicts to g{S,S*{H)) = g{Y,H) = 2. Hence Ks + 5*{H) is 
nef. So we get < {Ks + 5*{H)f =Kl + 2Ks6*{H) + {5*{H)f = 3 + that is, -3 < Kl. On 
the other hand K^ < and Kg = if and only if S is minimal. Hence S is at most three points 
blowing up of a P^-bundle over C. 

(11.1) Assume that S* is a P^-bundle over C. Then S = Y because every exceptional curve of S is 
contained in a fiber of as- But this is impossible because x(Cs') = 0^1 = x(Ci')- 

(11.2) Assume that S is one point blowing up of a P^-bundle over C. Then S has one singular 
fiber Fi and Fi = Ci + C2, where each Ci is a (— l)-curve and C1C2 = 1. Since 5 is the minimal 
resolution, we have S ^ Y. But this is also impossible by the same reason as in (ii.l). 

(11.3) Assume that S is two point blowing up of a P^-bundle over C. Then the following two cases 
possibly occur: 

(11.3.1) as has one singular fiber F and F = Ci + C2 + C3, where Ci and C3 are (— l)-curves and 
C2 is a (-2)-curve such that C1C2 = 1, C2C3 = 1 and C1C3 0. 

(11.3. 2) / has two singular fibers Fi and F2 such that Fi — Ci + C2, F2 — C3 + C4, where each d 
is a (— l)-curve with C1C2 = 1 and C3C4 = 1. 

By the same argument as (ii.2), (ii.3. 2) cannot occur. So we consider the case where (ii.3.1). Then 
since S is the minimal resolution, the exceptional curve of (5 is C2. So V is rational by Artin's 
criterion [21 (3.2) Theorem in Chapterlll]. But this is impossible because x(Cs) = 7^ 1 = x(Ci')- 

(11.4) Assume that S is three point blowing up of a P^-bundle over C. Then the following four 
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cases possibly occur: 

(11.4.1) as has one singular fiber F and F — Ci + C2 + C3 + C4, where C2, C3 and C4 are (— 1)- 
curves and Ci is a (— 3)-curve such that CiCi — 1 for every i with i = 2,3,4, CjCk = with 
j,fce {2,3,4} undj^k. 

(11.4.2) as has one singular fiber F and F — C\ + C2 + C3 + C4, where Ci and C4 are (— l)-curves, 
and C2 and C3 are (— 2)-curves such that C^Ci+i = 1 for every i with i = 1,2,3, CjCk = with 
\j - fc| > 2. 

(11.4.3) as has two singular fibers Fi and such that Fi = C1+C2 + C3, F2 = C4 + C5, where d 
is a (— l)-curve for every i ^ 2 and C2 is a (— 2)-curve such that C1C2 = 1, C2C3 = 1, C1C3 = 
and C4C5 — 1. 

(11.4.4) / has three singular fibers Fi, F2 and F3 such that Fi = Ci + C2, F2 = C3 + C4 and 
F3 = C5 + Cg, where each Q is a (— l)-curve such that C^Ci+i = 1 with z G {1, 3, 5}. 

By the same argument as above, in these 4 cases we see that S is an isomorphism or Y has rational 
singularities. But this is impossible because xi^s) — 7^ x{^y)- 

Therefore the case where q{S) ~ 1 cannot occur. By the above argument, we see that q{S) = 0. 
Then x(Os) = 1 = x{Oy) and by Proposition [2^ we have h"{R^S^{Os)) =0. So F has rational 
singularities. This completes the proof. □ 

5 Main results 

Let {X,L) be a polarized manifold of dimension 3. In this section, we consider h^{m{Kx + L)). 
First by Theorems 14. II and 14.31 we have the following. 



Theorem 5.1 Let {X,L) be a polarized manifold of dimension 3. 

(1) Assume that k{Kx + L) = 0. Then h^\m{Kx + L)) = 1 for every positive integer m. 

(2) Assume that k{Kx + L) = I. Then for every positive integer m the following holds. 

h^imiKx+L))>[ im-mHOx)-l)+mhHOx) > 1, 



ifh\Ox) 

(3) Assume that k,{Kx + L) = 2. Then for every positive integer m the following holds. 

Proof. Let (Af, A) be a reduction of (X, L). Here we note that h°{m{Kx+L)) = h"{m{KM+A)) for 
any positive integer m. If k{Kx + L) ~ 0, then (M, A) is a Mukai manifold, that is, Om{Km+A) = 
Om by f^, Theorem 7.5.3]. This implies that h°{m{Kx + L)) = hP{m{KM + A)) = 1. 

If n{Kx + L) ^ 1 (resp. 2), then by [U Theorem 7.5.3] there exist a smooth projective 
curve C (resp. a normal projective surface F), and a fiber space f : M ^ C (resp. M Y) 
such that Km + A = f*{H) for some ample line bundle H on C (resp. Y). Moreover we have 
h^{Ox) = h^loM) = h^{Oc) (resp. h\Ox) = h^iOm) = h'iOv) for i = 0,1,2 and h^{Ox) = 0). 
Hence by Theorems 14.11 and 14.31 we get the assertion. □ 



Next we consider the case where k{Kx + L) = 3. Then the following is obtained. 

Theorem 5.2 Let (X, L) be a polarized manifold of dimension 3. Assume that k{Kx + L) — 5. 
Then we have 

, n, , r\\ ^ f hm^ + hrn^ + 1 if m is even with m > 2, 

h^imlKx + L)) > < ? 3 f 9 1 -, r ■ •,, -To 

I + tTO + -sm + 1 if m IS odd with m > 6. 
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Proof. Let {M,A) be a reduction of {X,L). By assumption and T, Proposition 7.6.9] we see that 
Km + a is net. 

(I) The case where m is even with m > 2. 
Then by Proposition 13.11 we have the following. 

h°im{Kx+L)) = h"{miKM + A)) 

= h° [[^ + l) Km + ^A) + g, (m, - l) {Km + A) + a) 

-h\OM) + 91 (a/, - l) {Km + A) + A, ^{Km + A)) . 

Since ((m/2)-l)(ii'M+^)+^ is ample and /v(ii:M + ((m/2)-l)(ii'M+^)+A) = k{Km+A) = 3, 
we have g2{M, ((m/2) - 1){Km + A) + A) > h^{OM) by Theorem [3?1 On the other hand, by 
Remark 13.21 f2) we have 

51 (m, (y - l) (i^M + A)+A, J {Km + A)) 
= l + \ [Km + (y - l) (Km +A)+A+^{Km + A)) 
x((f -l) {Km+A)+A)) (y(i^M + A)) 

= 1 + ^^^^^^{Km + A)^ + ^{Km + AfA. 
o 4 

We also note that [Km + Af >l and {Km + > 1. 

If {Km + AY A = 1, then by Proposition [2T] we see that {Km + A)A^ = 1 and = 1 because 
{Km + A)A^ > 0. Hence gi{M,A) ^ 2. Therefore by [Ql (1.10) Theorem and Section 2] we see 
that Km = Om and > 1 since k{Km + A) = 3. On the other hand, we have 

h°{m{KM + A)) = h^{mA) = x{mA) = ^m^A^ + ^mc2{M)A 

because h^{inA) = h'^{KM + mA) ~ for every i > 0. Since > 1, we get 

l<h°{A)^^-A^ + ^c2{M)A. 

Hence {l/l2)c2{M)A > 1 - (1/6)^3 = 5/6. So we obtain 

h°{m{KM+A)) ^ Ln'^A'' + ^mc2{M)A 

12 

1 . 5 

> —m + —m. 



If (ivTM + AfA>2, then 



n , . .^ s m?'{ra — 2) 
/i°(m(i^M+A)) > 1 + ^-^ ^ + 

1.1, 
= -m* + -rn^ + 1. 
8 4 

Here we note that (l/6)m3+(5/6)m-((l/8)TO3 + (l/4)m2 + i) = (l/24)(m-2)((TO-2)2+8) > 0. 
So if m is even with m > 2, then we have hP{m{KM + A)) > (l/8)m^ + (l/4)m^ + 1. 
(II) The case where m is odd with m > 3. 
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Here we use the following equality which is obtained from Proposition 13. II 

h"{m{Kx+L)) = h"{m{KM + A)) 

+92 [m, (^^^ - 1^ {Km + A)+A^- h\OM) 

+91 [m, - l) {Km + A)+A, "^{Km + A) 

Since (-1 + (m - 1)/2){Km + A) + A is ample and k{Km + (-1 + (m - 1)/2){Km + A) + A) = 
K{{{m^l)/2){KM+A)) = k{Km+A) = S,wehave g2{M,{-l + {m-l)/2){KM+A)+A) > h\OM) 
by Theorem 13.21 On the other hand, 

91 (a/, (^-^ - ?j {Km + A)+A, "^{Km + A) 

= ^ + \[km+(^'^-1^ {Km + A) + A+^^{Km + A) 

^-l) iKM + A) + A) {^{Km + A) 

= 1 + !!^(-1±3^-1^{Km + Af + ^^^^^{Km + AfA 
8 4 

If {Km + AY A = 1, then by the same argument as above we see that 



1 5 
h°{m{KM + A)) > -tTV" + -m. 

6 6 



If {Km + Ay A > 2, then we have 

h^{m{KM + A)) > ^^rn{m + l){m-i) ^m{m+l) 

8 2 

1 3 1 2 1 

— —m H — m H — m + 1. 

8 4 8 

Here we note that {l/6)m^ + (5/6)m - ((1/8)™^ + (l/4)m2 + (l/8)m + 1) = (l/24)(m - 3)((to - 
(3/2))2 + 23/4) > 0. So if m is odd with to > 3, then we have h°{m{KM + A)) > {l/8)m^ + 
{\/A)m? + (l/8)m + 1. This completes the proof of Theorem 15.21 □ 

Remark 5.1 By Theorem l5.2l we see that if k{Kx + L) = 3, then for every integer m with m > 2, 
we have 

h°{m{Kx + L)) > Im^ + -m^ + 1. 

8 4 

If k{Kx + L) = 3 and to = 2, then by Theorem O or [101 Theorem 5.4 (2)] we have 
h°{2{Kx + L)) > 3. So it is interesting to study {X,L) with k{Kx + L) — 3 and small 
h'^{2{Kx + L)). The following results (Theorems 15.31 and 15. 4p give a classification of these {X,L). 

First we note the following which will be used later. 

Proposition 5.1 Let {X^L) be a polarized manifold oj dimension 3. Then the following equalities 
holds. 

(2) h°{2Kx + 2L)-h°{2Kx+L) 

^g2{X,L)-h\Ox)+9i{X,Kx + L,L), 

(3) h°{2Kx + 2L)-h^{Kx+L) 

- 52 {X, Kx+L)-h\Ox)+gi {X, Kx+L,L). 
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Proof. These equahties are obtained from Proposition [231 ^ 

Notation 5.1 Let {X,L) be a polarized manifold of dimension 3 and let {M,A) be a reduction 
of {X, L). Set di := g2{M, A) - h^{OM) and da := .92(M, Km + A) - h^{OM)- Then we see that 

d2-di = ^{Km + A){&Km + QA)Km + ^C2{M)Km 
- ^ (^M + ^) (6^A^ + ^A)Km - MOm ) . 

Therefore 

(4) d2 - di + 2x(OAf) = \{Km + A)2ifM. 

Theorem 5.3 Let {X,L) he a polarized manifold of dimension 3. Assume that k{Kx + L) = S. 
Then h°{2{Kx + i)) = 3 if and only if {X,L) satisifes = I, Ox{Kx) = Ox, h^{Ox) = and 
h°{L) = 1. 

Proof (a) Assume that h°{2{Kx + L)) = 3. 

Let (M, A) be a reduction of (X, L). Then by assumption we see that Km + A is nef and big. First 
we prove the following claim. 

Claim 5.1 h"{KM +A)<2. 

Proof Assume that h°{KM +A)>S. Then by Lemma [Owe have h°{2{KM + A)) > 2h°{KM + 
A) — 1 > 5. This is a contradiction. □ 

By Proposition l5.ll ([2[) and Theorem 13. 2i we see that 

3 = h%2KM + 2 A) > g2{M, A) - h\OM) + gi{M, Km + A, A) 
> gi{M,KM +A,A) 
= 1 + {Km + A)^A. 

Hence we have {Km + A)'^A < 2. On the other hand, since 1 < {Km + A^A we get 

(5) 1 < {Km + AfA < 2. 
Namely the following holds. 

(6) 2<gi{M,KM+A,A)<3. 

Since gi{M, Km + A,A)< 3, by Proposition [ST] © we get h°{2{KM + A)) - h"{KM + A) < 
52(M, Km + A)- h^{OM) + 3. By Claim[5ll]and h°{2{KM + A)) = 3, we see that 

3-2 < h'^{2{KM+A))~h°{KM + A) 
< g2{M,KM+A)-h\OM)+3- 

Namely, 

(7) g2{M,KM + A)-h'{OM) > -2. 

From Proposition [STl] ([3]), ^ and the assumption that h^{2{KM + A)) — 3, we have 

3 > h°{2{KM+A))-h'^{KM + A) 

= 32 ( Af, Km + A)-h\OM)+9i ( Af, Km + A, A) 
> g2 ( Af , Km + A)^h\OM) + 2. 
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Hence we have 

(8) g2{M,KM+A)-h\OM) < 1. 

By ([6]) and Proposition 15.11 ([2]) , we have 

3 > h°{2{KM + A))-h°{2KM + A) 

= g2{M,A)-h\OM)+gi{M,KM+A,A) 
> g2{M,A)^h\OM) + 2. 

Hence 1 > g2{M,A) — /i^(C'm)- From this and Theorem 13.21 we have 

(9) di = 0,l. 
We also note that 

(10) - 2 < da < 1 
by O and ©. 

(I) If {Km + AfA = 1, then {Km + A)A^ = 1 and ^ 1 by Proposition O There- 
fore we get g\{M,A) = 2. Since k{Km + A) = 3, by P (1.10) Theorem and Section 2] we 
see that Km = Om, h^{OM) = and /i°(A) = 1. By the Riemann-Roch theorem we get 
x{tA) = (1/6)^3^3 + {l/l2)c2{M)At. Since h°{2KM + 2A) = x{2Km + 2A) = x(2A), we 
get h°{2KM + 2A) = (4/3)^3 + {l/6)c2{M)A. Therefore 3 = h°{2KM + 2A) = (4/3)^3 + 
(1/6)C2(M)A = (4/3) + (1/6)C2(M)A. Namely C2{M)A = 10. Here we note that (Af, A) ^ {X,L) 
because ^3 = 1. 



(n) Next we assume that 

(11) {KM+AfA = 2. 

We will prove that this case cannot occur. Since {Km + A^A = 2, by Proposition 12. II we have 

(12) 1<{KM + Af<4. 

By using ([3]), (jTOl) . (fTTI) and ([T^ . we can determine the value of x(Cm)- For example, assume 
that di =0 and da = -2. Then da - di = -2 and (Km + A)'^Km = ^x{Om) - 4 by Q. Since 
{Km + AfA = 2, we have {Km + ^)^ = 4x(Om) - 2. By considering ^ we have x(Cm) = 1- 
By the same argument as this, we can get the following list: 



di 


d2 


d2 - di 


{Km + Ay Km 


(i^M + ^)3 







-2 


-2 


4x(Om) - 4 


4x(OAf ) - 2 


1 





-1 


-1 


4x(Om) - 2 


4x(Oa/) 


1 











4x(Om) 


4x(Om) + 2 








1 


1 


4x(Om) + 2 


4x(Om) + 4 





1 


-2 


-3 


4x(Om) " 6 


4x(Om) - 4 


2 


1 


-1 


-2 


4x(Om) - 4 


4x(Om) - 2 


1 


1 





-1 


4x(Om) - 2 


4x(Om) 


1 


1 


1 





4x(Om) 


4x(Om) + 2 






By this hst, we see that {Km + Af = 2 or 4. 

Assume that {Km + ^)3 — 4. Then by Proposition 1 2 . 1 1 we have 

4 = {{KM + AfAf 

> {{Km + Af){{KM + A)A^) 

> 4{Km + A)A^. 
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Since Km + A is nef and big, we see that {Km + A)A^ > 1. Therefore {Km + A)A'^ = 1. But 
by Proposition O we have 1 = {{Km + A)A'^)^ > {{Km + A)'^A)A^ = 2A^ > 2, and this is 
impossible. 

Assume that {K]\j + A)^ = 2. Then by Proposition 1 2 . 1 1 we have 

4 - {{KM + AfAf 

> {{KM + Af){{KM+A)A^) 
= 2{Km+A)A\ 

Hence we have {Km + A)A^ < 2. By Proposition [O we see that {{Km + A)A'^)'^ > {{Km + 
A)'^A)A^ = 2A^ > 2. Therefore {Km + A)A'^ = 2 and < 2 because {Km + A)A'^ > 1. But since 
{Km + A)A'^ = 2, we have A^ ^ 2 because {Km + 2A)A'^ is even. Therefore {{K m + A) A'^)'^ =4 = 
{{Km+A)'^A)A^ holds and Km + A = A by [H Corollary 2.5.4] since A is ample. Namely Km = 0. 
Now since gi{M, A, Km+A) = 1 + {Km+A)'^A = 3, we see that h'^{2KM+A) = -di by Proposition 
O (ED. Since di = or 1 by dH), we have di = 0. On the other hand, h'{KM + Km + A) = 
for every integer i with i > because if j\/ + A is nef and big. So by the Riemann-Roch theorem 
we have h"{2KM + A) = x{'2Km + A) = x{A) = (1/6)^3 + (l/12)c2(M)A. Since A^ = 2, we 
have C2{M)A = —4 if di — 0. Here we calculate hP{2{KM + A)). Since Km + 2A is ample, then 
h\2KM + 2A) = for i > 0. Therefore 

h%2{KM + A)) = xi^iKM+A)) 
= X(2A) 

= ^A^ + ^C2{M)A 
= 2. 

But this is impossinble because we assume that h^{2{KM + A)) = 3. 

{13) Assume that {X,L) satisfies = 1, Ox{Kx) = Ox, h^{Ox) = and h"{L) = 1. Then 
h°{2Kx + L) ^ h"{Kx + L) ^ h"{L) = 1 and h^{Ox) - h\Kx) = h^{Ox) = 0. Hence 
g2{X,L) = h"{Kx + L) - h°{Kx) + h^{Ox) = 0. Moreover gi{X,Kx + L, L) ^ 1 + = 2. 
Therefore by Proposition l5.ll we have 

h%2{Kx+L)) = h%2Kx+L)+g2{X,L)-h'{Ox)+gi{X,Kx+L,L) 
= 3. 

This completes the proof. □ 

Remark 5.2 (i) By Theorem [SH we see that if k{Kx + L) ^ 3 and h"{2{Kx + L)) = 3, then 
h°{Kx+L) = 1. 

(ii) There exists an example of {X,L) which satisfies k{Kx + L) = 3 and h^{2Kx + 2L) = 3. See 
[IHl Example 3.1 (4)]. 

Next we consider the case where {X, L) satisfies k{Kx + L) = 3 and h^{2Kx + 2L) = 4. 

Theorem 5.4 Let (X, L) he a polarized manifold of dimension 3 and let {M, A) be a reduction of 
{X, L). Assume that n{Kx + i) = 3. Then h^{2{Kx + L)) — 4 if and only if {M, A) is one of the 
following. 

(1) Km = 0, A3 = 2, x{Om) = and h"{A) = 1. 

(2) {Km+A)^A =. 3, {Km+A)^ = 1, g2{M,A) = H^Om) = I, H^Om) = , h^{OM) - and 
{M, Km + A) is birationally equivalent to a scroll over an elliptic curve. 
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Proof, (a) Assume that h"{2{Kx + L)) = 4. 
First we prove the foUowing claim. 

Claim 5.2 One of the following holds: 

(i) g{M,A) = 2. 

(ii) (M, A) satisfies (1) in Theorem \5.4\ 

(ii) {M,A) satisfies (2) m Theorem [Ol 

Proo/. If /i"(ii'M + ^) > 3, then by Lemma [23] we see that h°{2KM + 2 A) > 2h°{KM + A)-1>5 
and this is impossible. Hence 

(13) h°{KM +A) <2. 
We note that 

(14) 1<{Km+A)^A. 

Since g2(M, A) > /i^Ca/) by Theorem E^] and gi{M,KM+A,A) = 1 + (i^Af + A)^^, we have 

(15) h°{2KM + 2A)-h°{2KM + A) 

> gi{M,KM + A, A) 

= 1 + {Km + AfA 

and 

(16) {Km + AfA<?> 
by Proposition O © since h"{2KM + 2 A) = 4. 

Here we divide the argument into three cases. 

(i) Assume that (Km + A^A = 1. Then {Km + A)A^ = 1 and = 1 by Proposition O So we 
get .g(M, A) =2 and this is the type (i) in Claim [5?2l 

(ii) Assume that {Km + Af^A = 2. Then gi{M,KM + A,A) = 3. By Proposition [2Tl we have 
1 < {Km + A)^ < 4. Hence by Proposition EII] © and Theorem [221 we have 

(17) di = 0,l. 

By (ITS)) . Proposition [5Tl] (3) and the assumption h^{2KM + 2^4) = 4 we have 

2 < h'^{2{KM + A))-h°{KM + A) 
= d2+gi{M,KM + A,A) 
= d2 + 3. 

Namely we have 

(18) -l<d2. 

By Proposition [O] I® and the assumption h^{2KM + 2 A) = 4 we have 

4 > h%2{KM + A))-h°{KM + A) 
= da + 3. 

Namely we have 

(19) ' l>d2. 

So we get the following table by the same argument as in the proof of Theorem 
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di 


d2 


d2 - di 


(Km + Ay Km 


(i^M + ^)' 


x(Om) 


(2.1) 





-1 


-1 


4x(Om) - 2 


4x(Om) 


1 


(2.2) 











4x(Om) 


4x(OAf) + 2 





(2.3) 





1 


1 


4x(OAf) + 2 


4x(Om)+4 





(2.4) 


1 


-1 


-2 


4x(Om) - 4 


4x(Om) - 2 


1 


(2.5) 


1 





-1 


4x(Oa,) - 2 


4x(Om) 


1 


(2.6) 


1 


1 





4x(OAf) 


4x(Om) + 2 






(11.1) First we consider the case (2.4). Then (Km + A)^ ~ 2. By Proposition 12 . 1 1 we have 

4 = {{KM + AfAf 

> {{Km + Af){{KM + A)A^) 
= 2{Km + A)A\ 

Hence {Km + A)A'^ < 2. 

(11.1.1) If {Km + A)A^ = 2, then we also see that 

4 > ((Am+A)A2)2 
> {A^){{KM+AfA) 
= 2A^. 

Therefore < 2. But since (Km + 2A)A^ is even and > 0, we have A^ = 2. Hence 
(A3)((Km + AfA) = {{Km + A)A^y. By H CoroUary 2.5.4] we have Km + A = A, that is, 
Km = 0. In particular, g2{M,A) = g2{M,KM + A). But since di ^ ^2 in the case (2.4), this is 
impossible. 

(11.1. 2) If {Km + A)A^ = 1, then = 1 by Proposition O Hence we see that g{M,A) = 2 
and this is the type (i) in Claim [521 

(11.2) Next we consider the cases (2.1), (2.3) and (2.5). Then {KM+Af = 4. Since {KM+AfA = 2, 
by PropositiondTl we have {Km + A)A^ = 1 and by PropositionjOwe have 1 = {{Km + A)A^Y > 
{{Km + AyA){A^) > 2A^. Since A^ > 0, this is impossible. 

(11.3) Next we consider the cases (2.2) and (2.6). Then {Km + A)^ = 2. By Proposition EtJ 
we have {Km + A)A^ < 2 since {Km + Af A = 2. 

(ii.3.1) If {Km + A)A? = 2, then by the same argument as (ii.1.1) above, we have Km = 0. 
In this case 

/i"(2Xa/ + A)^ x{2Km + A)= x{A) = ^A^ + ^C2{M)A 

and 

h"{2KM + 2A) = x{2Km + 2A) = x(2A) - + ]:C2{M)A. 

3 6 

Since {Km + A)^ ^ 2 and Km = 0, we have A^ ^ 2 and gi{M, Km + A, A) = g{M, A) = 3. By 
Proposition 15.11 ^ we have 

h° {2Km + A) = h° {2Km + 2 A) -di^gi {M, Km + A,A) 
= l-di. 

Hence we get di = 0, 1 because di > by Theorem 13.21 

(ii.3. 1.1) If di = 1, then h"{2KM + A) ^ and (1/6)^3 + {l/12)c2{M)A = 0. Therefore 
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h"{2KM + 2 A) = ^2 and this is impossible. 

(n.3.1.2) If di = 0, then h"{2KM + A) ^ 1 and (1/6)^3 + (l/12)c2(Af)A = 1. Hence h°{2KM + 
2 A) — A^ + 2 — A. We note that h^{A) = for every positive integer i because Km = 0. Hence 
1 = h^{2KM + A)^ x{2Km + A)^ x{A) = h°{A). So this is the type (ii) in ClaimO 

(ii.3.2) If {Km + A)A? = 1, then 

1 = {{KM^A)Ay 
> {{KM+AfA){A') 
= 2A^ 

and this is impossible. 

(iii) Assume that {Km + AfA ^ 3. Then {Km + Af < % by Proposition [O and gi{M,KM + 
A,A) = l + {Km + A)'^A = 4. Since h°{2KM + 2A) ^ 4 in this case, we have di = by Proposition 
O @ and Theorem [3?2l Moreover we see that -2 < ^2 < by ^ and Proposition O © . 
Since d2 - di + 2x{Om) = (l/2)(i^Af + AfKm (see (g])), we have 

dl d2 d2-rfl {KM + AfKM {Km + W~ 

(3.1) -2 -2 4x(OAf)-4 4x(0m)-1 

(3.2) -1 -1 Ax{Om)-2 Ax{Om) + 1 

(3.3) Ax{Om) 4x(0m) + 3 

First we consider the case (3.1). Since 1 < {Km+A)^ < 9, we have (x(Cm), (Km+A)^) = (1, 3) 
or (2,7). 

Next we consider the case (3.2). Then we have {x{Om), (Km + Af) = (0, 1), (1, 5) or (2, 9). 
Finally we consider the case (3.3). In this case, we get {x{Om), {Km + A)^) = (0, 3) or (1, 7). 

(111.1) Here we note that if {Km + A)^ > 5, then by Proposition [TI] 

9 = {{KM + AfAf 

> {{Km + Af){{KM + A)A') 

> 5{Km+A)A\ 

and we have {Kj^i + A)A^ = 1 and = 1 by Proposition [231 Hence g{M, A) — 2 and this is the 
type (i) in Claim [^21 

(111. 2) Next we consider the case where {Km + AY = 3. By Proposition 12.11 we see that 
{Km + A)A^ < 3. 

If {Km + A)A^ < 2, then = 1 because {Km + AfA = 3. But since {Km + 2A)A^ is even, 
we see that {Km + A)A^ = 1 and A^ = 1. Namely we have g{M, A) = 2 and this is the type (i) in 
Claim [SH 

So we may assume that {Km + A)A^ = 3. Then {{KM+A)A^){{KM + Af) = {{Km + A)^A)^ = 
9. Here we will prove the following lemma. 

Lemma 5.1 Let X be a smooth projective variety of dimension 3. Let Di, D2 and D3 be divisors 
on X . Assume the following: 

(1) DlDs > 0. 

(2) D3 is semiample and big. 

(3) {DlD3){DjD,) = {D,D2D,)\ 

(4) DfD^ = DjD^. 

Then {Di — D2)D:i,D = holds for any divisor D on X . 
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Proof. By the assumption (2), there exists a smooth surface S G IJTiZJal for some m > 0. Then 
by the assumption (3) we have {Di\s)'^{D2\s)'^ = ((^i|s)(£'2|s))^- So by the assumptions (1) 
and (4) we have Di\s = D2\s- In particular {Di\s){D\s) = {D2\s){D\s) for any divisor D on X. 
Therefore DiD{mD3) — D2D{mD^). Hence we get the assertion. □ 

Since Kj^i + A\s semiample and big, we see that {Km + A)^D — A{Km + A)D for any divisor 
D on M by Lemma [01 Therefore KmD{Km + A) ^ for any divisor D on X. 

Next we calculate hP{2KM + 2yl) and hP{KM + A). Then by the Hirzebruch-Riemann-Roch 
theorem and the Kodaira vanishing theorem we have 



Since we are considering the case where {Km + — 3, we have xi^hi) = or 1. 

If x{Om) = 0, then 4 = h°{2KM + 2A) = 4 + {l/6)c2{M)A. Hence C2{M)A = 0. But then 
hP{KM + A) = 1/2 and this is impossible. 

If x(Cm) = 1, then {M,A) satisfies the case (3.1) and 4 = h"{2KM + 2A) = 4+ (l/6)c2(Af)A- 
3x{Om) = 1 + (l/6)c2(M)A. Hence C2{M)A = 18 and h°{KM + A) ^ I. On the other 
hand, by Theorem O we have 1 = h°{KM + A) = g2{M,A) - h^{OM) + h^{OM)- Hence 
g2{M, A) = 1 + h'^{OM) - h^{OM) and di = x{Om) = 1- But di = in this case (3.1). Hence this 
is also impossible. 

(iii.3) Next we consider the case where [Km + AY = 1. Then (M, A) satisfies the case (3.2). 
In particular g2{M,A) — h^{OM)- We also get [Km + A)'^Km = —2 from the assumption that 
{Km + A)'^A = 3 or x{^m) = 0. In particular k{M) = -oo and h^{OM) = 0. Here we note 
gi{M,KM + A) = 1 + {1/2){3Km + 2A){Km + Af = 1. We also note that h^{OM) > be- 
cause k{M) = —oo and x{Om) — 0. Hence by :10, (4.9) Corollary] we have h^{OM) = 1 and 
(M, Km + A) is birationally equivalent to (V, H) which is a scroll over an elliptic curve because 
Km + ^ is nef and big. This is the type (iii) in Claim [521 
These complete the proof of Claim 15.21 □ 

Here we consider the case where g{M, A) =2. In this case by the classification of (Af , A) with 
g{M,A) =2(9, (1.10) Theorem and Section 2]) we see that (Af, A) is one of the following type: 
0{Km) = Om, h^{OM) = 0, h°{A) > and A^ = 1. 

Then h°{A) = {1/6)A^ + (l/12)c2(Af)A and h°{2A) = (4/3)^3 + (l/6)c2(Af)A. Since 4 = 
h°{2KM + 2A) = /i"(2A), we have 4 = (4/3)^^ + (l/6)c2(Af)yl = (4/3) + (l/6)c2(A.f)A. Hence 
C2{M)A = 16. But then h^{A) = 3/2 and this is impossible. 

Therefore (Af, A) is one of the types (1) and (2) in Theorem 15.41 

(/3) Assume that (Af, A) satisfies one of the types (1) and (2) in Theorem 15.41 

(/3.1) Assume that (Af , A) satisfies the type (1) in Theorem 15.41 Here we note that h'^{A) — for 

every positive integer i. Then 



{2Km + 2A) = 4 + (l/6)c2(Af )A - 3x(OAf), 



and 



{Km + A)^ (1/2) + (l/12)c2(Af)A ~ x{Om). 



h\A) 



X{A) 




+ -c2(Af)A 



Hence we have C2(Af)A = 8. Therefore 



h}'{2KM + 2A) 



x{2Km + 2A) 
X(2A) 
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= 4. 



(/3.2) Assume that {M,A) satisfies the type (2) in Theorem 
First we note the foUowing. 

Claim 5.3 /i"(2A'm + A) = 0. 

Proof. Since {M, Km + A) is birationaUy equivalent to a scroll (V, H) over a smooth ellitpic 
curve B, there exist a smooth projective 3-fold T and birational morphisms fi : T ^ M and 
ly-.T-^V such that + A) = iy*{H). Here we note that V is smooth. Then h"{2KM+A) = 

h°{n*{2KM+A)) ^ h\KT+ii*{KM+A)) = h\KT+y*{H)) = h"{iy*{Kv+H)) = h°{Kv+H) = 0. 
This completes the proof. □ 

We also see that gi{M, Km + A, A) ^ 1 + {Km + A)^A = 4. Hence from Proposition [Q ([2|) 
we get 

/i°(2(Xm + A)) = /i"(2i^M + A)+ g2{M, A) - H^Om) + gi{M, Km + A, A) 
= 4. 

Therefore we get the assertion of Theorem 15.41 □ 

Remark 5.3 By Theorem [Ol we see that if k{Kx + L) = 3 and h°{2{Kx + L)) = 4, then 
h°{Kx+L) = 1. 

Example 5.1 Here we give an example of this case. 

(1) An example of the type (1) in Theorem 15.41 In [31 Theorem 1.1], Beauville gave an example 
of a polarized Calabi-Yau threefold {X,L) such that h^{L) — 1 and — 2. This is an 
example. For details, see j3j Theorem 1.1]. 

(2) An example of the type (2) in Theorem 15.41 Let C be an elliptic curve and let £ be an 
ample vector bundle of rank 3 on C with ci{£) = 1. Then £ is indecomposable. We note 
that such a vector bundle exists. Let M — ¥c{£) and A = 4iJ(f) - f*{ci{£)), where 
/ : M — > C is the natural map. Then by [Ul Theorem 3.1] we see that A is ample, and we 
also see that (M, K]\i + A) is a scroll over a smooth elliptic curve. We can also check that 
h°iKM + A) = h''{H{£)) = 1, h^iOM) = 0, h\OM) - 1, ff2(M, A) = 1, g,{M,KM + A,A) = 
4 and h°{2KM + A) = 0. Therefore by Proposition O (2) we have h°{2KM + 2A) = 
h\2KM + A) + .92(Af, A) - h\OM) + 51 (M, Km + A,A)= 4. 
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